We propose an equilibrium model that can explain a wide range of international finance puzzles, including the high correlation of international stock markets despite the lack of correlation of fundamentals. We conduct an empirical analysis of our model, which combines cross-country-correlated long-run risk with Epstein and Zin (1989) preferences, using US and UK data and show that it successfully reconciles international prices and quantities, thereby solving the international equity premium puzzle. These results provide evidence suggesting a link between common long-run growth perspectives and exchange rate movements.
Introduction
Since Backus and Smith (1993) , a long strand of the literature has documented the tension between international prices and quantities. As noted among others by Backus, Foresi, and Telmer (1996) and Lustig and Verdelhan (2006) , if markets are complete, the growth of the exchange rate would equal the difference of the stochastic discount factors for foreign currencyand dollar-denominated assets. Based on this insight, Brandt, Cochrane, and Santa-Clara (2006) conclude that the modest degree of international correlation of consumption growth observed in a large cross-section of countries should result in larger fluctuations in exchange rate growth rates. 1 By extension, they suggest that given the degree of volatility of the US dollar that we observe in the data, there should be a larger correlation of stochastic discount factors across countries.
The Hansen and Jagannathan (1991) bound on the volatility of the logarithm of the stochastic discount factor is in the order of roughly 40% per annum in major industrialized countries.
The standard deviation of the log-growth of the exchange rate between the same countries is typically between 11% and 15%. These numbers imply a lower bound on the correlation of the stochastic discount factors of approximately 0.95. 2 If we turn our attention to quantities the results change substantially. If investors have CRRA preferences, their stochastic discount factors will be proportional to consumption growth rates. It is well documented that consumption is poorly correlated across countries at annual or higher frequencies. If we were to set the coefficient of risk aversion to a number as high as 30 to reconcile the low volatility of consumption growth rates with highly volatile stochastic discount factors, exchange rates would have to fluctuate between 15 and 30 times more than what we observe in the data. Furthermore, the low correlations of international quantities seem to be at odds also with the actual degree of co-movement of stock markets. Given the low international correlation of consumption and dividend cash flows, why are international 1 This relies on the assumption that agents have constant relative risk-aversion preferences. 2 This claim is based on the aforementioned condition: log
, where e denotes the exchange rate, and M h and M f are the stochastic discount factors of the home and foreign country, respectively. See Brandt, Cochrane, and Santa-Clara (2006) for a detailed discussion of this equation.
returns so correlated?
This dichotomy of prices and quantities strikes us as an important unresolved puzzle in international finance. We like to think of this as the international equity premium puzzle. In a one-country model, consumption growth does not vary enough to explain the excess return over the risk-free rate. In a two-country model, consumption growth does not co-vary enough to track movements in the exchange rate and returns.
In this paper we propose an equilibrium model that can simultaneously reproduce a number of findings regarding international quantities and prices. Indeed, in our model, consumption growth rates prove to be as volatile, as autocorrelated, and as cross-country-correlated as they are in the data. Furthermore, the volatility of the exchange rate growth resembles the one that we observe for the US dollar, and the currencies of most countries. International stock markets are as highly correlated as they should be and the equity premium puzzle is solved within each country.
Our model features an additional source of risk that is highly correlated across countries.
This risk enters as a small, slowly moving, predictable component of consumption growth that is consistent with the empirical evidence showing consumption to be close to a random walk. We refer to these components as the long-run risks. This addition changes the joint conditional distribution of consumption growth rates quite a bit. In particular, while over a short horizon the long-run component explains only a very small share of consumption volatility, over a longer horizon the long-run risks are responsible for most of the fluctuations and the co-movements of domestic and foreign consumption.
We combine this specification with the assumption that home and foreign investors have Epstein and Zin (1989) preferences, as in Bansal and Yaron (2004) . In this economy, agents are extremely sensitive to uncertainty about the long-run perspectives of the economy. If the longrun components are highly correlated across countries, then stochastic discount factors will be too. Ultimately, exchange rates need to fluctuate much less to prevent international arbitrage opportunities. Furthermore, by shifting the focus on investors' aversion to intertemporal risk, we do not need to rely on high risk-aversion coefficients to justify large equity premia in our economy. 3 This enables us to track the low volatility of exchange rate movements despite the low cross-country correlation of consumption growth in the short-run.
Our theoretical analysis, however, goes beyond solving the exchange rate volatility puzzle raised by Brandt, Cochrane, and Santa-Clara (2006) . Our framework has also precise implications for the international correlation of the returns. It has always been hard to reconcile the almost complete lack of correlation of fundamentals between countries with the high degree of international stock markets co-movements. Ammer and Mei (1996) and Bansal and Lundblad (2002) point out that common long-run perspectives should be responsible for stock markets moving together to the extent that we see in the data. We incorporate their insight in a consumption-based equilibrium framework and show that the long-run co-movement in consumption and dividend dynamics is able to replicate the joint behavior of international asset returns and exchange rate.
When we calibrate our model according to US and UK data, our model is also able to replicate the unconditional average of foreign risk-adjusted returns. This means that it can account for the international investment opportunity set of both a US-based investor and a UK-based investor. If agents care about the temporal distribution of risk, small but long-lasting and highly cross-border correlated shocks to cash flows will lead to large price movements in both countries. This means that international returns are more correlated.
After analyzing our theoretical model under the extreme assumption of perfectly correlated long-run news, we address the following empirical question: is it possible to provide a direct estimate of the low-frequency components in consumption and make the case that long-run growth rate prospects look similar across countries?
In order to answer this question, we adopt the view that the long-run movements of consumption trend can be identified by means of predictive variables. Similarly to Bansal, Kiku, and Yaron (2006) and Colacito and Croce (2008a) , we project consumption growth on lagged values of price-dividend ratio, consumption-output ratio, and consumption growth itself, to measure long-run risks. Applying this methodology to US and UK data separately, we conclude that the predictable components of consumption growth rates are highly persistent and that their correlation increases over time, just as the volatility of exchange rate growth decreases. The latter result reinforces our conjecture regarding the link between common long-run growth perspectives and exchange rate movements. 4 Using this measure of long-run risks, we can also test the moment restrictions resulting from our model and estimate preference parameters. Results confirm that a reasonable range of values for the intertemporal elasticity of substitution should be [0.25, 3] and that a coefficient of risk aversion smaller than 10 can account for both the domestic and international version of the equity premium puzzle. When we focus only on the post-Bretton Woods sample, the typical result is that our model cannot be rejected.
One of the novelties of our empirical work is that we identify long-run consumption risk using information from domestic financial markets and better assess the impact that such news has on currency markets. This enables our model to bridge part of the gap between international prices and quantities.
The paper is organized as follows. In section 2, we propose a simple model that we can both solve and calibrate. This provides a useful instrument to show the internal transmission mechanism of the economy. In sections 3 and 4, we demonstrate the ability of the model to account for a large number of international moments. The focus of section 5 is on the estimation of the model. Section 6 concludes the paper, with a discussion of the potential extensions of the model and a summary of the main findings.
Setup of the economy
We analyze two economies that we denote as home (h) and foreign (f ). These two economies each feature a representative consumer with Epstein and Zin (1989) preferences
, ∀i ∈ {h, f } 4 Among others Lustig, Verdelhan, and Roussanov (2008) have suggested that common risk factors across countries may play a crucial role in explaining the cross-sectional properties of currency markets.
where γ i is the coefficient of risk aversion and θ i = 1−γ i 1−1/ψ i implicitly defines the intertemporal elasticity of substitution ψ i . There are two country specific goods in the economy. To simplify the setup, we impose that preferences are such that there is complete home bias, meaning that the representative consumer in each country is willing to consume only the good that she is endowed with. Markets are complete. An equilibrium of this economy exists, in which each country behaves as in autarky both for consumption and asset holdings.
The logarithm of the pricing kernel m i t+1 is a stochastic process that depends on both logconsumption growth, ∆c i t , and the log-return on the asset that pays consumption, r i c,t+1 :
We complete the system by specifying exogenous laws of motion for consumption and dividend growth rates as follows: 5
] is the vector of shocks of the economy.
In this section, the two economies are assumed to be symmetric, having the same preference and transition laws parameters. Furthermore, we assume that the shocks ε i c,t , ε i d,t , and ε i x,t are mean zero i.i.d. normally distributed within each country with volatilities σ, ϕ d σ, and ϕ e σ, respectively. The shocks are allowed to be cross-country correlated. We shall denote ρ correlation between ε h x,t and ε f x,t . All other correlations are set to zero. 5 We can think of the dynamics in (2.3)-(2.5) as the outcome of post-trade allocations. Colacito (2006a) provides general equilibrium foundations that ensure the existence of an exchange rate in this economy. Following the literature on the dynamics of risk-sensitive allocations by Kan (1995) , Dumas, Uppal, and Wang (2000) and Anderson (2005) , Colacito and Croce (2008a) derive laws of motion of consumption that are very similar to those used in this paper.
The following system is obtained as a first-order linear approximation of the model: 6
(2.3)
where v i d,t is the price-dividend ratio, r i f,t+1 is the log-risk-free rate, and r j is the average return on asset j. In what follows, we shall refer to ∆e t+1 as the exchange rate growth or as the depreciation rate. Given the system (2.3), the following two propositions can be stated.
Proposition 1. For a given choice of parameters and provided that
c , the lowest cross-country correlation of the stochastic discount factors is achieved for
Proof. See Appendix.
Proposition 2. For a given choice of parameters, the lowest volatility of the depreciation rate is achieved for ρ hf x = 1.
Propositions 1 and 2 highlight three crucial ingredients necessary to obtain highly correlated stochastic discount factors together with low-volatility exchange rates. First of all we must 6 See the Colacito and Croce (2008b) for details. uncouple the tight relationship between risk-aversion and intertemporal elasticity of substitution, that constant relative risk aversion preferences would otherwise impose. Indeed, as the subjective discount factor δ approaches unity, the minimum correlation of stochastic discount factors is obtained for a value of intertemporal elasticity of substitution that is arbitrarily close to the reciprocal of the coefficient of risk aversion. 7 This is independent of the calibration of the rest of the model. Hence it does not seem implausible to view the contribution of Brandt, Cochrane, and Santa-Clara (2006) as the positing of a lower bound on the correlation of stochastic discount factors in a consumption-based asset pricing model. Proposition 1 is silent about agents' preference for early or late resolution of uncertainty. 8 In the next section we show that any departure from constant relative risk-aversion preferences yields highly correlated stochastic discount factors. If the intertemporal elasticity of substitution is too small, a counterfactual outcome of infinitely volatile returns results, as suggested by the system of equations (2.3).
Proposition 2 captures the role of the predictable components of consumption growth rates.
The intuition is straightforward. Epstein and Zin (1989) preferences introduced an extra term in the formula for the stochastic discount factors in the two countries, in the form of the return that pays the consumption bundle at each period. The price of this asset reflects the total expected flow of dividends, in our case consumption, to which investors are entitled.
Since we model consumption as having a predictable component, it is natural to conclude that this term has an impact on the return of the asset that is proportional to its persistence. By appropriately raising the correlation of the x t 's, we increase the correlation of the returns on the consumption assets and ultimately the correlation of stochastic discount factors. The exchange rate, therefore, needs to fluctuate less in order to prevent international arbitrage opportunities. In the next section we demonstrate that it is the combination of all the three elements identified in propositions 1 and 2 that enables our model to deliver the desired results.
Reconciling international prices and quantities
In this section we describe the ability of the model to account for a wide variety of international finance puzzles. We will first focus on a symmetric calibration exercise, that allows us to explain in detail the internal transmission mechanism of the model. We then relax this simplifying assumption and prove that the model retains its explanatory range and power. As in the previous section, the shocks ε i c,t , ε i d,t , and ε i x,t are mean zero i.i.d. normally distributed within each country.
[INSERT 
Calibration
The structure of our two parallel economies mimics those discussed by Bansal and Yaron (2004) and Bansal, Gallant, and Tauchen (2007) ; most of the coefficients used in our analysis are either estimated or calibrated in those papers. In table 1 we report our baseline calibration.
The subjective discount factor is set to 0.998, because our model describes a monthly decision problem. In terms of proposition 1, this means that the correlation of stochastic discount factors is minimized for values of ψ ≈ 1/γ. We set the coefficient of risk aversion γ equal to 4.25, which is relatively low compared to both the number commonly found in the equity premium puzzle literature and the coefficient proposed by Brandt, Cochrane, and Santa-Clara (2006) . The intertemporal elasticity of substitution-ψ is equal to 2 as estimated by Bansal, Gallant, and Tauchen (2007) .
As far as the calibration of the parameters of the laws of motion of consumption growth is concerned, our goal is to reproduce the average behavior of consumption growth in the United States and in the United Kingdom. We motivate in detail this specific choice of countries in the next section. Here we anticipate that we need to work with countries that display international financial openness, and that have long time series for consumption and dividends.
We set ρ x = 0.987, which is the value estimated by Bansal, Gallant, and Tauchen (2007) and is slightly higher than the 0.979 calibrated by Bansal and Yaron (2004) . The standard deviation of the shock to the predictable components, ϕ e σ, is extremely small compared to that of the shock to consumption growth, σ, allowing the latter to be the main determinant of the volatility of consumption growth over the short-run. This is in the spirit of a large part of the literature, which models consumption growth as an almost i.i.d. process (see, among others, Tallarini (2000) ). The standard deviation of consumption growth implied by our choice of parameters is approximatively 2.4% in annualized terms. This falls in-between the US and UK's average growth of per capita consumption of nondurables and services from 1970 to 1998.
The dividends processes require the calibration of four additional parameters, which we have selected with the goal of matching the first two moments of dividend growth rates, their crosscountry correlation, and their leverage as the average of actual US and UK data. By design the variance of dividend growth explained by its predictable component is very small, in the order of 3%.
The choice of the correlation coefficients is driven by the need to match key features of the data. We set ρ hf x to 1, as suggested by proposition 2, to keep the volatility of the depreciation rate to about 11%-12%. 9 The cross-country correlation of the shocks to consumption, ρ hf c , is chosen so as to obtain a correlation of consumption growth in the order of 0.3. We show below that our results are robust to the relaxation of the assumption of symmetric calibration.
We begin by justifying the assumptions that we made about the consumption processes on the grounds of the data. In most of the existing literature researchers have typically struggled to find conclusive evidence of the consumption process that we adopt in our model, when the focus is on the US only. 10 In figure 1 we report the estimated spectra and coherence of US and UK consumption growth (continuous lines) along with the theoretical periodograms and the 95% confidence intervals (dashed lines) under the alternative assumptions that consumption growth is i.i.d. (left panel) and that it has a small predictable component (right panel). 11 The 9 In section 4 we relax this assumption and we work with two estimated long-run components that are not perfectly correlated.
10 See for example Hansen, Heaton, and Li (2008 
Correlation of stochastic discount factors
In the previous section we have discussed how the combination of long-run risks, EpsteinZin preferences and highly cross-country-correlated x h and x f drive the results. In figure 2 we depict this finding with regard to the correlation of stochastic discount factors. Using the system of equations in (2.3), we investigate the variation of this correlation with the coefficient of intertemporal substitution. In each of the two panels, the dark line is drawn according to our baseline calibration. In light of proposition 1, we are not surprised that the minimum of this graph falls in the vicinity of ψ ≈ 1/γ. By moving away from 1/γ in either direction, there is a sharp increase in the correlation of stochastic discount factors.
However, as stressed in the discussion of the two propositions, increasing the correlation of stochastic discount factors by lowering the intertemporal elasticity of substitution would have the drawback of making the risk-free rates too volatile. It is also for this reason that in our baseline calibration, we set ψ = 2, which leaves us with a correlation that is well above 0.9, as the price data seem to suggest. Interestingly, we do not need to take a stand on the intertemporal elasticity of substitution being greater or smaller than 1, in order to obtain highly correlated stochastic discount factors. Any ψ larger than 0.5 would yield stochastic discount factors for the two countries that are at least 80% correlated (see figure 2), provided that the remaining coefficients are calibrated as in table 1.
This comment deserves particular attention, given that the value of the intertemporal elasticity of substitution has been the subject of a long-lasting debate in the literature. Ignoring the presence of stochastic volatility, Hall (1988) and Lustig and Van Nieuwerburgh (2006) estimate this number to be below unity. Guvenen (2006) points out that limited participation in the stock market is able to produce findings consistent with both capital and consumption fluctuations, as long as most of the wealth is held by a small fraction of the population with a high elasticity of intertemporal substitution. Attanasio and Weber (1989) use the Family Expenditure Survey to document an intertemporal elasticity of substitution in excess of one in the UK. Our paper follows the tradition of the long-run risk literature in calibrating ψ = 2
with the objective of appropriately describing the first two moments of returns, as will be discussed in the next sections.
If we perturb our baseline calibration, a lower correlation of the long-run shocks would noticeably decrease the correlation of stochastic discount factors (figure 2 upper panel). This effect can be seen in the reduced form of m h t and m f t in the system of equations in (2.3). Indeed, the higher the cross-country correlation of shocks of any nature, the more the stochastic discount factors will tend to co-move. In contrast to most international finance models, we are able to achieve this result by keeping the unconditional international correlation of real quantities to the low level that we observe in the data. We will test this assumption against the data in a later section.
The reduction of the persistence of the predictable components of consumption growth rates in the two countries also affects the success of our analysis (figure 2, lower panel). The reason is simple: for the small shock to the trend of consumption to matter, it must be long-lasting.
If investors care about the intertemporal distribution of risk, as they do when they have Epstein and Zin preferences, a small but persistent shock will have an important effect on the discounting of risky payoffs. Therefore it is crucial that in both countries investors perceive these risks as near-permanent changes in the average growth of consumption.
We do not increase the persistence of the predictable components in our model because by doing this we would increase (at an increasing rate) the share of consumption growth variance that is explained by its predictable component, eventually contradicting the empirical evidence that consumption growth is almost an i.i.d. process. In the figures, we do not report the behavior of the variables of interest when changing the coefficient of risk aversion; rather we refer to proposition 1 to explain what would happen: given that the subjective discount factor is close to 1, lowering (increasing) the coefficient of risk aversion would move the minimum of the correlation of stochastic discount factors to the right (left) in figure 2.
[INSERT FIGURE 2 ABOUT HERE]
Volatility of exchange rates fluctuations
Exchange rate movements are intimately related to investors' degree of risk aversion. By keeping the correlation of long-run shocks to a high level, the dynamics of the exchange rates are governed mostly by short-run shocks. Indeed, in the limiting case of our benchmark calibration, short-run shocks are solely responsible for exchange rate fluctuations:
This condition is identical to the one that we would obtain from employing time-additive CRRA preferences. 13 Given the low correlation of short-run shocks to consumption, good news in the home country is likely to come with no news in the foreign country. Because of the consumption-smoothing desire of investors, the demand of home securities will increase. The foreign agent is also eager to invest in the home country, as this looks like a good insurance opportunity. The increased foreign demand of domestic securities thus let the exchange rate appreciate by a factor that is proportional to agents' risk aversion.
In figure 3 we plot the volatility of exchange rate growth against the coefficient of risk aver- 13 In all subsequent sections, we relax the assumption of perfect correlation of long-run risks. This results in the long-run shocks also appearing in the dynamics of exchange rate movements.
sion. The two horizontal dashed lines represent the region within which the volatility level of the depreciation rate typically falls for major industrialized countries. In our baseline calibration we set γ = 4.25 which yields a volatility that is well within the region of interest, as documented by the dark lines in the two panels of figure 3. Increasing the risk aversion of the representative consumers of the two countries to the high levels required by the equity premium puzzle literature would push the volatility to counterfactual levels-similar to those that motivated Brandt, Cochrane, and Santa-Clara (2006) to postulate the existence of a puzzle. In this case, our calibration again proves itself crucial.
Reducing the correlation of the long-run shocks reduces the correlation of stochastic discount factors, as we documented before, and increases the exchange rate fluctuations. Unless agents are made less risk averse, we are left with exchange rates that are too volatile at the calibrated level of risk aversion (figure 3, upper panel). The high exchange rate volatility can be offset by decreasing the persistence of the predictable component (figure 3, lower panel). In this way, the volatility of the stochastic discount factors falls more than their international correlation.
However, the evidence reported in figure 2 prevents us from taking this action, because a less persistent long-run component implies a correlation of stochastic discount factors that is too small. Furthermore, less persistence produces less-volatile stochastic discount factors and, hence, counterfactual implications for asset prices.
[ INSERT FIGURE 3 ABOUT HERE] 
Other moments of international financial markets
In table 2 we show that our baseline calibration is able to match key features of international financial markets. In comparing our results to the data, we have assumed the United States to be the home country and the United Kingdom to be the foreign country. We have already documented the ability of the model to produce highly correlated stochastic discount factors and exchange rates that are as volatile as they are in the data. Our symmetric calibration implies that the average growth of the US dollar vis-à-vis the British pound should be zero, which is not too far from the 1.3% sample average obtained in the post-Bretton Woods era.
[INSERT TABLE 2 ABOUT HERE] Bansal and Yaron (2004) have shown that by focusing on investors' concerns about the intertemporal distribution of risk, it is possible to increase the premium that equities command over the risk-free rate. Since high average excess returns are a commonly found in major industrialized countries, extending this logic enables us to reproduce the first two moments of stock markets' excess returns beyond the United States. Indeed, the model produces equity premia and risk-free rates whose averages and standard deviations are precisely in line with those observed in the data.
We push our analysis one step further, to demonstrate that the model can also match the average correlation of excess returns in the two countries. This is accomplished in spite of the low calibrated correlation of dividend growth rates. We regard this positive finding as further validation of the existence of highly cross-country-correlated predictable components of consumption and dividend growth. When cash flow growth rates are i.i.d., the price-dividend ratios are constant and returns are as cross-country correlated as are the growth of the dividendsa counterfactual implication. By employing Epstein and Zin preferences and by allowing a small but highly persistent and highly cross-country-correlated component be also responsible for the dynamics of consumption and risky cash flows, we unveil an all-new layer of stock markets co-movements. 14 When bad news about long-run growth perspectives hits one country, the other country is hit by the bad news as well. The more that investors are averse to the intertemporal unfolding of risk, the more prices will respond to this news. As the shocks are highly correlated, this implies a large degree of co-movement in asset prices and returns. This limits international risk-sharing opportunities, at least as far as long-run risks are concerned.
Our model seems to produce excess correlation of real risk-free rates. The system of equations (2.3) shows that the approximate solution for the risk-free rates in this economy is a linear function of the predictable component of consumption growth alone. As a consequence, the correlation of real risk-free rates will entirely reflect the perfect correlation of the x's. However, an asymmetric calibration in which long-run shocks are still perfectly correlated, but the persistence of long-run risks is slightly different across countries, produces the right amount of risk-free rate correlation. We provide empirical support of this finding in the next section. 15 Up to this point we have focused on returns expressed in local units, r U S for the US and r U K for the UK. In rows 10 through 12 of table 2 we report the statistics for returns expressed in domestic units. For a US-based investor, foreign returns expressed in domestic units are r U K t+1 +∆e t+1 . Similarly, for a UK-based investor returns equal r U S t+1 −∆e t+1 . Focusing on returns expressed in domestic units is a necessary step in order to study the model's implications for the international investment opportunity sets of both a US-and a UK-based investor.
The international investment opportunity set obtained using our symmetric calibration falls between those that the data suggest for a US-and a UK-based investor (figure 4). This is an important result, especially considering the risk-return tradeoff of exchange rate movements: given that currency depreciations and appreciations carry a small premium and are extremely volatile, one might expect that the domestic investor would have little incentive to invest abroad. However, foreign assets turn out to be attractive for two crucial reasons. First, exchange rate movements appear to be uncorrelated with foreign asset price fluctuations. Second, the cross-country correlation of returns expressed in local units is about 60%. As table 2 suggests, our model succeeds in replicating both of these pieces of empirical evidence, which enables us to account for foreign Sharpe ratios expressed in domestic units and for the optimal reward-to-variability ratio that may be achieved by US-and UK-based investors.
[ INSERT FIGURE 4 ABOUT HERE] In the lower part of table 2 we report some statistics for consumption and dividend growth rates for the US and UK that confirm that our calibration is consistent overall with the empirical evidence. Our assumption of symmetric calibration results in some small discrepancies between the predictions of our model and what is suggested by the data. In the next section we relax this assumption, which yields a better model fit.
Relaxing the assumption of symmetric calibration
We now investigate what happens when we no longer require that home and foreign countries share the same parameterization. It turns out that given this relaxation our model will retain its ability to account for both exchange rates and investment opportunity sets while more closely replicating the international correlations of assets.
The sets of coefficients for the two countries and the correlations are chosen to minimize a GMM criterion on a total of 46 moment conditions. We think of this procedure as a formal data-driven calibration exercise. The 16 estimated coefficients are reported in table 3. We set the cross country correlation of the long run shocks to 1 as our preliminary empirical results suggest that this coefficient might lie on the boundary of the parameter space. 16 Doing this allows us to use the standard asymptotic results of Hansen (1982) . The technical appendix by Colacito and Croce (2008b) reports the details of the estimation.
Due to the analytical difficulty of computing the quarterly counterparts of the moments of interest using a model that is specified at a monthly frequency, we follow Hansen and Sargent (2006) in assuming that model and data share the same frequency. We employ the same data set used by Campbell (2003) , which comprises the same sample (1970.1 to 1998.4) used by Brandt, Cochrane, and Santa-Clara (2006) . Quantity data are quarterly observations on private consumption of nondurables and services obtained from NIPA for the US and from IMF's International Financial Statistics (IFS). We deflated the data using the Consumer Price Index provided by CRSP for the United States and by IFS for the UK. The real US dollar-16 Andrews (2002) warns that when the true parameter is on the boundary, GMM estimators are not asymptotically normally distributed. To avoid having to deal with non-standard distributions of our estimates, we set ρ Even though these characteristics of consumption cannot be clearly identified from quantity data alone, exchange rates and asset returns help in this task. Indeed, adding price restrictions helps in tightening the confidence intervals of the point estimates of these sets of parameters around the values that we specified in the theoretical analysis of the model (see the last two columns of table 3). The predictable components of consumption growth are very close to unit roots, and yet the data tell us that these dynamics can be consistent with almost i.i.d. growth rates. The reason has to do with the fact that the volatilities of the shocks to the time-varying trend, ϕ e σ, of consumption are very small, and hence the low persistence of growth rates is almost entirely driven by the short-run shocks. One key finding of table 3
is that by using prices information it is possible to conclude that the parameters governing the dynamics of the predictable components of consumption growth rates are all significantly different from zero. This finding is apparent when comparing point estimates and standard errors of σ h x and σ f x across the procedure that involves only consumption data and the one that also uses pricing restrictions. In regard to the preference parameters, the two intertemporal elasticities of substitution are significantly larger than the reciprocal of the coefficients of risk aversion, as this is necessary in order to explain the high equity premium in the US and in the UK.
Even though the parameters in the two countries are no longer set to the same values and the model is specified at a quarterly frequency, it is still possible to account for the moderate degree of volatility of the depreciation rate of the US dollar (see the lower part of table 3). In fact, it is possible to improve even further the ability of the model to account for the degree of cross-country correlation of asset returns. In particular, the correlation of excess returns is now exactly equal to that observed in the data, and the model even manages to uncouple the perfect correlation of risk-free rates obtained in the context of the symmetric calibration exercise. Sharpe ratios expressed in local units are extremely close to the data, as the model now features the small amount of US dollar appreciation that we documented in the previous section.
All these findings add a degree of robustness to the results previously described and highlight the ability of the model to deliver highly correlated stochastic discount factors. Indeed, this correlation is 0.972 using the point estimates of our GMM. This leads us to wonder whether it is possible to estimate the time series of x h t and x f t , which have so much to do with our main result. In the next section of the paper we investigate this matter in greater detail.
Estimating international long-run risks
The task of measuring long-run risks from consumption data is made even harder in small samples. In essence, this is the message of the first three columns of table 3. However, the ability to estimate the predictable components of consumption growth at each point in time plays a crucial role in the testing of our model against the data. In this section we explore one way to construct an observable time series of long-run risks. We focus on the US and the UK for a number of reasons both practical and historical. First of all, the identification of a highly persistent time series requires as long a sample as possible. From this stand-point, US and UK are probably the best examples of countries with a long history of accurate consumption data. Second, the US and UK have had an excellent tradition of financial integration at least for a large part of the post-World War II period, as documented by Taylor (1996) , Obstfeld (1998), and Quinn (1997) among others. This is important because in assessing the predictions of the model for the dynamics of international asset prices, we need to ensure that US and UK agents considered each other's assets as part of their own investment opportunity sets.
Long-run risks: A predictive regressions approach
The literature on long-run risks documents that variables, such as lagged price-dividend and consumption-output ratios, risk-free rates, lagged consumption growth, and default premia, should contain a direct measure of long-run risk at each date and state. Based on this prediction, we take the projection of consumption growth on the aforementioned set of variables to be our measure of long-run risks. The literature is not new to this approach: Harvey (1988) was one of the first to suggest the use of price information to predict future consumption.
We explore the potential of this procedure by applying it to both the US and the UK. Harvey (1986) suggests that "using longer term consumption growth rates may reduce the relative size of any errors in the consumption data." Following this insight we focus on annual consumption growth rates, as they are more likely to contain a better signal and less noise regarding the low frequency component of consumption. This also enables us to obtain longer time series for the US and the UK. we referred to Mitchell (1979) . Long time series for the UK gross domestic product, FTSE returns, yields on three-month T-bills, dividend yields, population, and CPI inflation were In figure 5 we plot the time series of x U S t and x U K t . A number of interesting facts emerge from this picture. First, the correlation between the predictable components of consumption growth seems to change over time. Indeed, it ranges from a historical low value of 0.11 from the beginning of the sample until 1941, to an all-time high level of 0.90 in the last twenty years.
Second, there appears to be a clear relationship between the correlation of the predictable components of consumption and the volatility of the growth of the dollar-pound exchange rate.
In particular, if we divide the post-Bretton Woods sample into two parts, the lowest exchange rate volatility occured in the years in which the correlation of long-run growth prospects was the highest. This finding provides further empirical validation of our theoretical model. The third and fifth rows of table 4 are narrowly focused on the predictive power of pricedividend ratios, a variable that the model suggests should contain a direct measure of the x's.
Specifically, the results are based on the following regressions: 
Long-run risk, consumption and Euler equations
In this section we use the set of predictive variables for consumption outlined in the previous section to test a set of moment restrictions resulting from our model (equations (2.1)-(2.2)).
In particular, we focus on the Euler equations for domestic and foreign stock market returns and risk-free rates for US-and UK-based investors and on the first two moments of exchange rate growth.
[INSERT TABLES 5 AND 6 ABOUT HERE]
In tables 5 and 6 we report the results of two alternative approaches. In the first case, we take the time series of long-run risks as exogenously given and use the moment conditions to estimate the preference parameters of the two countries' investors. Secondly, we jointly estimate the set of preference parameters and coefficients governing the dynamics of the predictable components of consumption growth in the US and the UK. In the latter case, we also include the set of least-squares orthogonality conditions to identify the additional parameters of the model.
We adopt a continuous GMM estimator in which the optimal weighting matrix is continuously updated as the numerical values of the parameters are changed during the minimization of the criterion function. Hansen, Heaton, and Yaron (1996) show that this estimator is better behaved in small samples. Specifically, the test for over-identifying restrictions is more reliable and the parameters' estimates display less median bias and performs better than under other GMM-based methods. This seems to be particularly true for data sampled at an annual frequency. 19 In tables 5 and 6 we show the results of our estimation over various subsamples and using different sets of predictive variables to filter long-run consumption risks.
The model is overwhelmingly rejected by the data when the analysis is conducted on the entire sample for years . This finding is robust across our set of predictive variables and estimation procedures. It is also not surprising. As exchange rates abandon the regime of nominal rigidities imposed by the Bretton Woods system, the degree of volatility of this series changes dramatically. Furthermore, an extensive literature documents that the degree of financial markets' openness between the US and the UK increased only after the late 1960's.
Therefore, a focus on the entire sample may be inappropriate when it comes to testing the ability of our model to reproduce the average volatility of the exchange rate and the validity of some of the Euler equations. 20 The model seems to provide a better fit of the data when long-run risks and preference parameters are jointly estimated. This is the result of a higher persistence of the two predictable 19 A more detailed description of the econometric procedure can be found in the Colacito and Croce (2008b) . 20 See Quinn (1997) for an empirical study of the degree of financial openness of OECD countries. See Colacito and Croce (2008a) for a theoretical model providing a link between international capital mobility and exchange rate movements across regimes in the context of a model with recursive preferences.
components that makes the stochastic discount factors more volatile and more correlated across countries. When we apply this estimation approach to the post-Bretton Woods sample, the model is not rejected by the data.
The estimated preference parameters are in line with the numbers that we suggested in the earlier sections. The intertemporal elasticity of substitution is typically in excess of one, and the coefficient of risk aversion is quite low compared to the rest of the literature on the equity premium puzzle. The model seems to do particularly well in the 1974-2006 subsample. This is probably a reflection of the fact that the transition to the new exchange regime lasted for a few years.
It appears that price-dividend ratios alone are enough in order to provide an excellent fit of the data. This may be explained by the correlation between returns and the stochastic discount factors. When all predictive variables are employed, a large share of the dynamics of the x's is governed by lagged consumption growth. For this reason, the stochastic discount factors are poorly correlated with returns, a problem typical of most consumption-based asset pricing models. In this case, the high risk-aversion coefficients required in order to explain the high historical equity premium have the undesired effect of causing excessive volatility in the exchange rate growth. On the other hand, the fluctuations of the price dividend ratios are by definition highly correlated with returns. Using the observed shocks to the price-dividend ratios as a measure of the long-run news thus provides a better fit of the Euler equations with reasonable preference parameters. The high implied international correlation of the predictable components then rounds out the explanation of the exchange rate fluctuations.
Overall, we regard the results of this analysis as successful, as they provide evidence of the predictability of consumption growth that can be used to explain key properties of international asset prices. In the next section, we show the benefits of including dividends information as well.
Long-run risk, dividends and returns
In this section we further investigate the dynamics of returns and exchange rates. Specifically, we implement a GMM estimation that compares the returns and exchange rates implied by our model with those observed in the data. The idea is that the better our model can track the dynamics of actual asset returns and exchange rates, the lower should be the resulting J-statistic.
We proceed in three steps. First, we provide empirical evidence for the presence of a predictable component of dividend growth in the US and in the UK. This is a crucial ingredient in accounting for the dynamics of returns. We then show that the same linear combination of predictive variables has significant forecasting power for both consumption and dividend growth. The exposure of consumption and cash flows to the same long-run risk is fundamental in accounting for the equity premium puzzle in the context of long-run risk models. Finally, we estimate two versions of the econometric model: one in which price-dividend ratios are the only predictors, and one in which the entire set of variables outlined above is employed.
[INSERT TABLE 7 ABOUT HERE]
In the first six columns of table 7 we report the results of least-squares regressions of dividend growth rates on the two alternative sets of predictive variables used in the previous section.
The results seem to suggest that there is some predictability of dividend growth in the two countries. The R 2 's are lower than those reported in table 4, but most of the estimated coefficients are significantly different from zero. To test whether the predictable component is common to consumption and dividend growth, we use a likelihood-ratio (LR) test. Specifically, we estimate by maximum likelihood the following systems of equations: for all countries i = {U S, U K}. We regard system (4.6) as the unrestricted version of our model of predictive regressions and system (4.7) as its restricted version. The results of the LR tests for the null that φ i j = λ i β i j , ∀i = {U S, U K} and ∀j = {0, 1, 2, 3} (see table 7) indicate that in both countries the null cannot be rejected at least at the 1% level of significance, which appears to be consistent with our theoretical assumption of a common long-run component in the dynamics of consumption and dividends. On the grounds of this evidence, we assume henceforth that the consumption and cash flows of each of the two countries can be predicted by the same linear combination of variables. This will enable us both to keep our econometric specification close to the theoretical model and to deal with a smaller set of parameters in the estimation.
[INSERT TABLE 8 ABOUT HERE]
In table 8 we report the results of the GMM investigation in which we employed the continuous updating technique discussed in the previous section. We focus here on the mean of domestic and foreign excess returns, the mean of domestic and foreign risk-free rates, and the first two moments of exchange rate growth. We also include the appropriate least-squares orthogonality conditions that are needed to estimate the parameters of the predictive variables. 21 Our results confirm that when the estimation is conducted on the entire sample, the model is strongly rejected by the data. We argued in the previous section that this should not strike us as a surprise, given that the exchange rate dynamics have been very different across the various regimes of the last century. When we analyze the post-Bretton Woods sample, the results improve significantly. The tests for the over-identifying restrictions cannot reject the model at the 3% level of significance when the price-dividend ratios are the only predictors nor at more than the 10% level of significance when the whole set of predictors is employed.
The point estimates of the preference parameters are in line with what we suggested in the outline of our model and they are typically significant.
We regard this result as one of the main contributions of the paper. Standard frictionless consumption-based models are usually rejected by the data and produce unrealistic values for the preference parameters. Our analysis, in contrast, is able to explain the dynamics of international asset returns and exchange rate fluctuations in a framework that is consistent with quantities and that relies on reasonable values for agents' risk aversion.
[INSERT FIGURE 7 ABOUT HERE]
As seen in figure 7, the model is also able to reproduce the time series of excess returns and risk-free rates in the post-Bretton Woods era. When the larger set of predictive variables for consumption is used, the model does a good job of tracking the time behavior of returns and exchange rate movements. Indeed, at our point estimates, the volatility of exchange rate growth is about 16% and hence very close to what we observe in the data. Furthermore, the ability of the model of producing realistic path of international prices and currencies seems to increase over time, especially after the 1984 crises.
Concluding remarks
We have shown that by disentangling the intertemporal elasticity of substitution from the reciprocal of the coefficient of risk aversion and by allowing for a persistent and highly crosscountry-correlated forecastable component of consumption growth, it is possible to explain a large set of international finance puzzles using a frictionless consumption-based asset pricing model. In our analysis, the dichotomy between international quantities and prices documented by the international finance literature disappears after accounting for the intertem-poral composition of consumption risk. Consumption and cash flow dynamics are in line with the data, and at the same time the equity premium puzzle is solved within each country. Exchange rate fluctuations resemble those that we observe for major industrialized countries, and the international investment opportunity set reflects the Sharpe ratios and the degree of correlation suggested by the data.
Future developments of this line of research should address the deeper economic question of the origin of the predictable components of consumption growth in the context of a fully specified production economy. In particular, it will be important to study the predictions of the model for the dynamics of current accounts, portfolio allocations, and international investment flows. We are optimistic that the positive findings of this paper will also hold in more general contexts that have the potential to extend even further the set of properties of this class of models.
Appendix A. Proof of Propositions
Proof of Proposition 1. For any choice of the parameters that satisfy ρ i x = 1 and ρ i x δ i = 1 the following three partial derivatives . In particular, when ρ Proof of Proposition 2. The partial derivative of the variance of the growth of the exchange rate with respect to ρ hf x exists and is well defined provided that ρ x = 1 and ρ x δ = 1:
In particular, this derivative is always negative, implying that the volatility of the log-depreciation rate achieves its minimum when ρ hf x = 1.
sample moment we are interested in. In this way our estimate is not unit sensitive. In the second step we minimize the quadratic criterion using the optimal weighting matrix computed at the point estimate of the first step. The statistics we report are obtained using the optimal weighting matrix computed at the final point estimate of the second step. We calibrate µ and µ d using the sample mean of the consumption and dividends growth both for US and UK.
Appendix C. GMM on Euler Equations restrictions
The predictable components of consumption growth rates are constructed according to either equation (4.4) or (4.5). Innovations to consumption growth and its low frequency components are computed as follows:
We then use a log-linearized version of the model (equations (2.1)-(2.2)) in order to recover time series of stochastic discount factors and exchange rates. We calibrate the mean of consumption growth to µ = .02 and the subjective discount factor to δ = .99 for both US and UK.
The continuous updating GMM procedure of Hansen, Heaton, and Yaron (1996) is applied to the sample counterparts of the following set of Euler equations
and of the following exchange rate moment conditions
2 − e ∆e t+1 2 = 0
When preference parameters and coefficients governing the dynamics of the predictable components of consumption growth are jointly estimated, we introduce also the appropriate set of orthogonality conditions.
Appendix D. GMM on the reduced form of the model
The innovations to consumption growth and its predictable component can be computed as in the previous section. The innovation to cash flows is
The log-linearized version of the model (equations (2.1)-(2.2)) is then used to construct the sample counterparts of the following moments conditions:
Where r i m,t+1 and r i f,t are the model predictions for the market returns and the risk free rate. When preference parameters and the coefficients governing the dynamics of the predictable components of consumption growth are jointly estimated, we introduce also the appropriate set of orthogonality conditions. These three curves are drawn under the assumption that each investor has access to the stock market and the risk-free rate of his own country and to the same two assets for the foreign country. The curves for the US and the UK are constructed using quarterly data from 1971:01 to 1998:04. Excess returns are in log units. The model is calibrated as in table 1. FIG. 5 -Time series of long-run risks in the US and in the UK. The solid line is the projection of US consumption growth on lagged US consumption growth, price-dividend ratio, consumption-output ratio, and default premium. The dash-dot line is the projection of UK consumption growth on lagged UK consumption growth, price-dividend ratio, and consumptionoutput ratio. The numbers between the vertical dotted lines report the correlation of these projections and the volatility of the growth of the exchange rate on the corresponding subsample. Data are annual . The OLS-estimates of the projections are reported in table 4. . In each panel the solid thick line refers to the data, while the thin line shows the prediction, at the point estimate, of the model with long-run risk in both consumption and dividends. The long-run component is estimated using all the predictive variables; all the parameters are calibrated as in table 8, last column. 'ExR' stands for excess return, 'Rf ' for risk-free rate. The bottom panel shows the exchange rate growth. All variables are in log units. Cross-country correlation of the long-run shock 1.0 ρ hf c
Cross-country correlation of the short-run shock to consumption 0.3 ρ hf d
Cross-country correlation of the short-run shock to dividends -0.1
Notes -The countries share the same calibration. The model describes a monthly decision problem, and as a consequence we set the subjective discount factor to 0.998. The intertemporal elasticity of substitution, ψ, is equal to 2 as estimated by Bansal, Gallant, and Tauchen (2007) . The parameters of the laws of motion of consumption growth are set to reproduce the average behavior of consumption growth in the United States and in the United Kingdom. We set ρ x = .987, which is the value estimated by Bansal, Gallant, and Tauchen (2007) . The standard deviation of consumption growth implied by our choice of parameters is approximately 2.4% in annualized terms, which is in-between the average growth of per capita consumption of nondurables and services from 1970 to 1998 for the US and the UK. The cross-country correlations of the idiosyncratic shocks to consumption and shocks to the trend are chosen as to obtain a correlation of consumption growths in the order of 0.3. The coefficient λ is set in such a way that the ratio σ ∆d /σ ∆c is equal to 4.86 that is in the range (4, 8) estimated by Ludvigson, Lettau, and Wachter (2004) . The cross-country correlation of the short-run shocks to dividends, ρ hf d , is set so as to achieve an almost zero correlation of dividend growths between the US and the UK. Notes -Columns 2-5 report the estimated parameters of the regressions ∆c t = β 0 ∆c t−1 + β 1 pd t−1 + β 2 ∆cy t−1 + β 3 def ault t−1 + ε c t for US and UK on de-meaned annual data from 1929 to 2006. Column 6 shows the R 2 of these regressions. Column 7 reports the point estimates of the regressions
where x t is the forecast of ∆c t obtained using the above predictive regressions. The last column shows the R 2 of these last regressions. The numbers in parenthesis are Newey-West adjusted standard errors. Notes -Each column reports the parameters estimated using continuous GMM on a different sample and on a different set of moments conditions. The sample is specified in the first row of each column. Data are annual. All GMMs have the following set of moments conditions in common: Euler equations for domestic stock market returns and risk free rates (4), Euler equations for foreign stock market returns and risk free rates expressed in local units (4), and first two moments of the exchange rates growth (2). The GMM in the first three columns are conditional on the OLS estimates of the regression of condumption growth on the price-dividend ratio of each country, as documented in table 4. For the results reported in the last three columns all models' parameters are estimated jointly by adding the appropriate set of orthogonality restrictions. The numbers is parenthesis below each estimate are Newey-West adjusted standard errors. The numbers in parenthesis below each J-stat are p-values. The last two rows of each column report the implied correlation of stochastic discount factors and volatility of exchange rate growth at the point estimates. Notes -Each column reports the parameters estimated using continuous GMM on a different sample and on a different set of moments conditions. The sample is specified in the first row of each column. Data are annual. All GMMs have the following set of moments conditions in common: Euler equations for domestic stock market returns and risk free rates (4), Euler equations for foreign stock market returns and risk free rates expressed in local units (4), and first two moments of the exchange rates growth (2). The GMM in the first three columns are conditional on the OLS estimates of the regression of condumption growth on the price-dividend ratio of each country, as documented in table 4. For the results reported in the last three columns all models' parameters are estimated jointly by adding the appropriate set of orthogonality restrictions. The numbers is parenthesis below each estimate are Newey-West adjusted standard errors. The numbers in parenthesis below each J-stat are p-values. The last two rows of each column report the implied correlation of stochastic discount factors and volatility of exchange rate growth at the point estimates. of the following restricted system of equations: Notes -Each column reports the parameters estimated using GMM with continuous updating on a different sample and on a different set of moments conditions. Data are annual. The sample is specified in the first row of each column. All GMMs have the following set of moment conditions in common: mean of domestic log excess returns and risk free rates (4); first two centered moments of the exchange rates growth (2). All models' parameters are estimated jointly by adding the appropriate set of orthogonality restrictions. The numbers in parenthesis below each estimate are Newey-West adjusted standard errors. The numbers in parenthesis below each J-stat are p-values. The last two rows of each column report the implied correlation of stochastic discount factors and volatility of exchange rate growth at the point estimates.
